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We examine the behavior of optimal consumption and investment policies in
aggregate stochastic growth models when utility depends on both consumption and
the stock level. Such models arise in the study of renewable resources, monetary
growth, and growth with public capital. Conditions are given which guarantee that
optimal policies are monotonic. The limiting behavior of the optimal consumption,
investment, and output processes is characterized. Journal of Economic Literature
Classification Numbers: 026, 111, 721.  © 1991 Academic Press, Inc.

1. INTRODUCTION

For a number of important dynamic resource allocation problems, the
reward or utility of an agent depends on the size of the resource stock as
well as the amount consumed. in any period. This is perhaps most evident
in renewable resource models but there are other problems where stock-
dependent rewards are important as well. These include the effect of wealth
on consumption and savings behavior [15], the role of money in a
growing economy [4, 7, 26], liquidity constraints and the incorporation of
real balances in the utility function [11], and the theory of the balance of
payments in dual exchange rate economies [12, 24].

* We thank Professors Jess Benhabib and R. Robert Russell for helpful discussions and two
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Much of the literature on stochastic dynamic resource allocation focuses
on the long run behavior of optimal consumption and investment policies.
For the one-sector optimal growth model with stock-independent rewards
and concave production, a series of papers by Brock and Mirman [5, 6]
and Mirman and Zilcha ({21,227 examine conditions under which the
optimal capital stock converges to a unique limiting distribution. These
results are extended to a model with non-convex technology by Majumdar,
Mitra, and Nyarko [18] and to the case of irreversible investment by
Olson [25].

The purpose of this note is to investigate the monotonicity and con-
vergence properties of optimal policies within the context of a generic
stochastic growth model with stock-dependent rewards. In our investiga-
tion we derive most results strictly from assumptions imposed on the
primitive data of the model, that is, assumptions on preferences and
technology. In Section 2, we show that compiementarity between state and
policy variables in the reward function is sufficient for optimal consump-
tion and investment policies to be nondecreasing functions of the resource
stock. We then investigate the dynamic behavior of the model and charac-
terize the convergence of optimal resource stocks. Proofs are given in
Section 3.

There is a close relationship between our work and the analysis of
renewable resource markets by Mendelssohn and Sobel [19] and Mirman
and Spulber [20] in the case of uncertainty, and by Levhari, Michener,
and Mirman [13,14] in a deterministic setting. Unpublished work by
Majumdar [17] also examines a deterministic version of the problem.
A related, but alternative approach to studying convergence is given in
Easley and Spulber [10].

2. RESULTS

At each date ¢ there is a resource stock denoted by y,e #,. Given
knowledge of y,, the agent determines a consumption level ¢,. The resource
stock left at the end of date ¢ (after consumption) represents investment
and is denoted by x,=y,—c,. Let {r,}2, be an independent and identi-
cally distributed (iid) process taking values in some compact set @,
where & is a subset of a finite dimensional Euclidean space. Growth
in the resource stock is governed by the production relationship,
Yer1=fxer )=f(y.—c,, rii 1), where f1 R, x @ — R, is the produc-
tion function. Let y be the (common) probability measure associated with
the shock process r,. At the beginning of each period (before the consump-
tion decision), it is assumed that the agent observes the true resource stock.



STOCK-DEPENDENT DYNAMIC MODELS 163

Given a resource stock, y,, and a consumption, c,, the agent receives
rewards R(c,, y,). Given an initial stock, y, >0, the agent seeks to solve

Viyo)=max E Y. 0'Rle,, y) (2.1)

=0

subject to 0< ¢, < y,, where de(0, 1) is the discount factor and V is the
value function.
The production and reward functions are assumed to satisfy the
following restrictions.
A2.1. Forall r, f(x, r) is strictly increasing in x.
A22  fis concave in x.
A.23. Forallr, f(0,r)=0 while f(x, r)>0 if x>0.
A24.  The first and second derivatives of f(x, r) in x exist and are
continuous in (x, r).
A.2.5. There exists a y such that f(y,r)<y as. forall y> y.
A26. R(c,y)is nondecreasing in y.
A27.  R(c y)is concave in (c, y).
A28. R(c, y) is twice continuously differentiable.
A29. y,e(0,7]!
A2.10. f(x,r) is strictly concave in x for each r and R(c, y) is strictly
increasing in y.
A2.10". R(c, y) is strictly concave.
The specification of the model satisfies the usual continuity and boun-
dedness conditions so that standard dynamic programming arguments
(cf. Blackwell [3] and Maitra [16]) can be used to show that there exists

a stationary optimal policy function of the form ¢, = C*(y,). This gives the
following result.

THEOREM 2.1. Under A.2.1-A.2.10 there exists a stationary optimal
policy function ¢, = C*(y,). Furthermore, the following functional equation

holds:

V(y)=0Max R(c,y)+0 | V(f(y—c, r))y(dr). (2.2)

€Ky

In addition, the value function is continuous and the optimal policy function
is continuous.

! This assumption is without loss of generality due to A.2.5.
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Given C*(y), the optimal investment policy function is defined to be
X*(y)y=y—C*(y). Define y¥, c¥, and x} to be the optimal output stock,
consumption level, and investment at date r. Henceforth, we assume that
the optimal consumption and investment policies are strictly positive. This
will hold if the usual Inada conditions are imposed on R. Under this
assumption, one can show that optimal processes are characterized by the
following stochastic Euler equation, where R, and R, denote the
derivatives of R with respect to ¢ and y. '

THEOREM 2.2. Under A2.1-A.2.10, if O<c¥ <y} for all t, then y},
¢k, x} satisfy

R('(Cl*’ yt*) - 5E{ [RL'(C:"«Q— 1> )’f+ 1)
+R (e yE DI (xF, ) (23)

We now examine the monotonicity properties of the optimal consump-
tion and investment policies under the following assumptions.

A211. R,>0.
A211". R, >0.
A212. R, +R,<0.

A212". R, +R,<0.

A211 and A2.12 can be interpreted as complementarity conditions
between consumption and output from production on the one hand, and
investment and output from production on the other.?

THEOREM 2.3. Under A.2.11, C*(y) is nondecreasing in y. C*(y) is
strictly increasing if A.2.11" holds.

THEOREM 2.4. Under A2.12, X*(y) is nondecreasing in y. X*(y) is
strictly increasing if A.2.12" holds.

Theorem 2.3 extends similar results obtained by Brock and Mirman [5],
Mirman and Zilcha [21], and Mendelssohn and Sobel [19], all of whom
assume that the reward function depends solely on consumption.
Theorem 2.4 is the stochastic analogue of deterministic results obtained by
Majumdar [17] and Benhabib and Nishimura [1], and is similar to
Theorem 4.2 in Mendelssohn and Sobel [19].

We now study the limiting behavior of the optimal stochastic investment
process governed by the transition equation x,.,=X*(f(x,,r,,,)). The

2If R{c, y) is expressed as R(y —x, y) = W(x, y), then W,= —R_ and R, + R_, <0 implies
W.,=—R.~R,>0.



STOCK-DEPENDENT DYNAMIC MODELS 165

monotonicity and continuity of the optimal investment and consumption
policy functions are used to prove that optimal processes converge to an
invariant distribution, the stochastic analogue of a steady state. Then, we
give sufficient conditions for the invariant distribution to be unique. In
general, however, the invariant distribution need not be unique. The
analysis relies on techniques developed by Dubins and Freedman [9] to
study the convergence behavior of the Markov process. In the economics
literature, these methods were first used by Majumdar, Mitra, and Nyarko
[18] to study the stochastic optimal growth model with a non-convex
technology.

Define r'=(r,,..,r,) and let y* be the joint distribution of r’. For
each »n and r", define X"(-,#") by the relation X7"(x,,r")=
X*(f (- X*(f(X*(f(x0, 1)), 12))s n 7 }) SO that X7(x,, #7) is the realiza-
tion of x, given x4 and r"=(r,, .., #,). If u is any probability on %, define
the probability y"u on Z , to be y"u(A4) = [ y"({r"| X"(xo, r") € A}) p(dx,),
where A4 is any (Borel) subset of % . y"u is the distribution of x, when the
distribution of x¢ is pu. u is an invariant probability if y'u=p. A subset S’
of #, is said to be y-invariant if it is closed and if y({re @| X*(x, r)e §' for
all xeS§'})=1. A subset S” is a minimal y-invariant set if it is y-invariant
and if any strict subset of S$” is not y-invariant.

Define f,(x)=min, f(x,r), fa(x)=max, f(x,r), X, (x)=X*(f.(x)),
and X, (x)=X*(fy(x)). The minimum and maximum are well defined
since f and X* are continuous and defined over the compact domain
[0, 7], where 7 is given in A.2.5. Further, from the Maximum Theorem
[2,p. 116], f.., s> Xm» and X, are all continuous in x. Let § be some
y-invariant interval [s, §]. We assume that on S, X,,(x) < X,,(x).? Define
the sequence {a,, d,, b,},_, inductively by a,=Inf{x>b,_ || X, (x)=x},
b, = Inf{x>a,|X,(x) = x}, 4, = Sup{xe[a,, b,]|X,.(x) = x}, where
by=s (see Fig. 1). Since X,, and X,, are continuous and S is compact,
Brouwer’s fixed point theorem implies that X, and X,, have at least one
fixed point. Thus, a,, 4,,, and b, are well-defined for at least one n. Let N*
be the maximum over # such that a,, d,, and b, are well-defined. We can
now state the following convergence result.

THEOREM 2.5. (a) Fix any integer ne [1, N*]. Then the set [d,, b,] is
a y-invariant interval and [d,, b,] is a unique y-invariant interval in itself.
There exists a unique y-invariant distribution on [d,,b,]1. If x,€[d,, b,]
then the distribution function of x} converges uniformly to the distribution
Junction of the invariant distribution on [a,, b, ].

*Let j be as in A.2.5. Under an Inada condition on f it can be shown that there exists an
&¢>0 such that [¢, y] is y-invariant. Further, if there exists no x>0, y>0 such that
Y({r1f(x,r)=y})=1, then X,(x})<X,(x) on [¢ 7] (see Nyarko and Olson [23] for
details).
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Fic. 1. Illustration of fixed points a,, d,, and b,.*

(b) The set T=UY ,(b,_,,4,)U [by, d,) U (by, 7] is transient. If
xo€ T, then, with probability one, x* will in finite time leave T and never
return.

(c) There is a unique invariant probability on S if and only if N* = 1.

This theorem states that once an optimal process enters an interval
[4,, b,] it will remain there forever and converge to a unique limiting
distribution on [4,, b,]. Furthermore, sets of the type (b,_,,4,) are
transient. Optimal processes converge globally to the same (unique)
invariant distribution on S if and only if there is only one interval of the

type [4,.b,].

3. PROOFS

Proof of Theorem 2.1. See Nyarko and Olson [23]. |

Proof of Theorem 2.2. The proof follows the proof of Theorem 4.2 in
Majumdar, Mitra, and Nyarko [18] once it is modified to account for the
dependence of R on both ¢ and y. ||

Proof of Theorems 2.3. and 2.4. With suitable modifications, the proofs
follow arguments originally given in Dechert and Nishimura [8].
Complete proofs are given in Nyarko and Olson [23]. |

“In Fig. 1, the space S could be taken to be the interval [y, b,].
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Proof of Theorem 2.5. (a) Fix any integer nin {1, N*] and any x in
[d,, b,]. Then for any r in &, 4,=X,(4,) <X, (x)<X*(f((x,r)) <
X (x) < Xy(b,)=b, so for all r, X*(f(x, r))e [d,, b,]. The set [d,, b, ] is
therefore a y-invariant closed interval.

Now let [a, b] be any closed interval in [d,,b,]. H b<b,, X4 (b)> b,
so [a, b] is not y-invariant. If a>a, then X,(a)<a, so [a,b] is not
y-invariant. Hence there is no closed interval [q, ] strictly contained in
[4,, b,] which is y-invariant so [d,, b, ] is the unique (and hence minimal)
y-invariant interval in itself. The uniform convergence of the distribution of
x¥ to the y-invariant distribution on [d4,, b, ] follows from Dubins and
Freedman [9, Theorem 5.15 and Corollary 5.5].

(b) Fix any integer n in [2, N*]. For such n, the set (b,_,, d,) has
the two intervals [4,_,,b,_;] and [d,, b,] to its left and right, respec-
tively, and both of these sets are y-invariant as shown in (a) above. Hence,
once the x, process leaves the set (b, _,, d,} it never returns to it.

Note that X,,(x)>x for all x in [a,, 4,). Since X, is continuous there
exists an ¢>0 and a k>0 such that X, (x)>x+k for xe[a,—¢, d,).
Define the sequence of numbers {%,}> , by X,=a,—¢ and X,, ;= X,,(%,).
Let J, be any integer greater than (4, — (a,, —¢))/k. Then it is easy to see
that %, will enter the set [d,, b,,] in less than J, periods.

For any {x,} , process generated by X*(f(x, r)), define g, = Prob({x,,
eld,, b,]|xo=a,—¢}). Then ¢q,>0. Since the transition function
X*(f(x, r)) is monotone in x, Prob({x, € [d,, b,]1|x.€[a,—¢& d,)})=q,.
Since X, (x)<x for all x in [b,_,,a,—c¢) there exists a ¢,>0 and an
integer J, such that Prob({x,e[d,_,b,_,]1lx0€(b,_,,a,—¢)})>q>.
Define ¢ = Min{q,, ¢q,} and J =J, + J,. Then, Prob({x, leaves
(b,_1,d,)|x0€(b,_1,d,)})=q>0. Finally, if x, belongs to (b,_,, d,),
Prob({x, € (b,_;,d,) for all t}) < Prob({x,, € (b,_,,d,) for all
k=12.}) =TI7,Prob({x,; € (b,_1,4,)| X, € (b,_,,d,) for all
m<k})<[I7_,(1—¢q)=0. Hence, the set (b,_,,d,) for 2<n<N* is
transient.

Using similar methods one can show that if xye [b,, d;) then x enters
Ld,, b,] in finite time and if x,€ (b -+, y] then x, enters [d,«, by« ] in finite
time. This proves part(b). Part (c) follows immediately from (a)
and (b). |}

REFERENCES

1. J. BENHABIB AND K. NisHIMURA, Competitive equilibrium cycles, J. Econ. Theory 35
(1985), 284-306.
2. C. Bergg, “Topological Spaces,” Macmillan Co., New York, 1963.

3. D. BLACKWELL, Discounted dynamic programming, Ann. of Math. Stat. 36 (1965),
226-235.

642/55/1-12



168 NYARKO AND OLSON

4.

5.

10.
11

12.
13.

14.

15.
16.

20.
21.
22,

23,

2.
25,

26.

W. A, BRoCk, Money and growth: The case of long-run perfect foresight, /nt. Econ. Rev.
15 (1974), 750-777.

W. A. Brock AND L. J. MIrRMaN, Optimal economic growth and uncertainty: The
discounted case, J. Econ. Theory § (1972), 479-513.

. W. A. BRock aND L. J. MiIRMAN, Optimal economic growth and uncertainty: The no

discounting case, Int. Econ. Rev. 14 (1973), 560-573.

. G. A. CaLvo, On models of money and perfect foresight, Int. Econ. Rev. 20 (1979),

83-103.

. W. D. DecHERT AND K. NISHIMURA, A complete characterization of optimal growth paths

in an aggregated model with a non-concave production function, J. Econ. Theory 31
(1983), 332-354.

. L. E. DuBINS AND D. A. FREEDMAN, Invariant probabilities for certain Markov processes,

Ann. of Math. Stat. 37 (1966), 837-848.

D. EAsLEY anD D. F. SPULBER, Stochastic equilibrium and optimality with rolling plans,
Int. Econ. Rev. 22 (1981), 79-103.

R. C. FEENSTRA, Functional equivalence between liquidity costs and the utility of money,
J. Monet. Econ. 17 (1986), 271-291.

J. FrieD, Intertemporal choice and international trade, Can. J. Econ. 17 (1984), 217-231.
D. LEvHARI, R. MICHENER, AND L. J. MIRMAN, Dynamic programming models of fishing:
Competition, Amer. Econ. Rev. 71 (1981), 649-661.

D. LEvHARI, R. MICHENER, AND L. J. MIRMAN, Dynamic programming models of fishing:
Monopoly, in “Essays in the Economics of Renewable Resources™ (L. J. Mirman and
D. F. Spulber, Eds.), North-Holland, Amsterdam, 1982.

M. Kurz, Optimal economic growth and wealth effects, Int. Econ. Rev. 9 (1968), 348-357.
A. MarTra, Discounted dynamic programming on compact metric spaces, Sankhya
Ser. A 30 (1968), 211-221.

. M. MaJUMDAR, Notes on discounted dynamic optimization when the felicity function

depends on both consumption and input, mimeo, 1982.

. M. MAJUMDAR, T. MITRA, AND Y. NYARKO, Dynamic optimization under uncertainty:

Non-convex feasible set, in “Joan Robinson and Modern Economic Theory” (G. Feiwel,
Ed.), Macmillan Co., New York, 1989.

. R. MENDELSSOHN AND M. J. SoBEL, Capital accumulation and the optimization of

renewable resource models, J. Econ. Theory 23 (1980), 243-260.

L. J. MirMaN anD D. F. SpuLBERr, Uncertainty and markets for renewable resources,
J. Econ. Dynam. Control 8 (1984), 239-264.

L. J. MIRMAN AND I. ZILCHA, On optimal growth under uncertainty, J. Econ. Theory 11
(1975), 329-339.

L. J. MirMAN AND L. ZiLcHA, Characterizing optimal policies in a one-sector model of
economic growth under uncertainty, J. Econ. Theory 14 (1977), 389—-401.

Y. NYARKO AND L. J. OLsON, “Stochastic Dynamic Resource Models with Stock-Depen-
dent Rewards,” C. V. Starr Center for Applied Economics Working Paper # R.R.90-08,
New York University, 1980.

M. OBsTFELD, Capital controls, the dual exchange rate, and devaluation, J. Ins. Econ. 20
(1986), 1-20.

L. J. OLsoN, Stochastic growth with irreversible investment, J. Econ. Theory 47 (1989),
101-129.

M. SiprAUsK, Rational choice and patterns of growth in a monetary economy, Amer.
Econ. Rev. 57 (1967), 534-544.



