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We consider an aggregative model of intertemporal allocation under un-
certainty, in which the utility and production functions are allowed to be
time dependent, the random shocks occurring in each period are entirely
arbitrary, and the production functions are permitted to be non-concave. In this
framework, we provide a theorem on the existence of infinite-horizon optimal
processes. In the course of establishing this result, we obtain the existence of
optimal policy functions and we show that they are monotone in the stock
levels.

1. Introduction

The main purpose of this paper is to provide a general theorem
establishing the existence of optimal processes for an aggregative
stochastic growth model. We also provide some monotonicity results
for optimal processes in the context of this model. In our framework the
utility and production functions are allowed to be time dependent, and
the random shocks occurring in each period are entirely arbitrary, so,
in particular, we do not assume that they be independent or identically
distributed. We impose no concavity assumptions on the production
functions but we do require the utility function at each date to be
concave.

The existence theorem provided in this paper is one of the most
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general in the literature for the aggregative stochastic growth model
considered here. Many authors have concentrated on the “stationary
case,” where the utility function at date ¢ is given by us(:) = §'u(-)
(where v is a period utility function, and 0 < § < 1 is a discount
factor), the production function is time invariant, and the random shocks
to production are independent and identically distributed (see, for
example, Brock and Mirman, 1972). The existence theorems for such
models may be obtained by appealing to the dynamic programming
arguments of Blackwell (1965) and Maitra (1968). The latter, however,
for the aggregative stochastic growth model we consider, are special
cases of the results proved in this paper.

For the nonstationary model, the closest existence theorem to the
one presented in this paper is that of Bhattacharya and Majumdar
(1981). Their result does aillow for a more general set of models (that is,
models other than the aggregative stochastic growth model); however, it
depends critically on the convexity of the feasible set, which we do not
require. Assumptions of convexity of feasible sets excludes a number
of models that economists use and recently nonconvexities in feasible
sets have received a great deal of attention, particularly in the natural
resources literature (see, for example, Mirman and Spulber, 1982).

Another technique used in obtaining existence theorems is to endow
the space containing the feasible set with an appropriate topology, and
then to show that the feasible set is non-empty and compact and the
objective function is upper-semicontinuous in that topology; and finally
use the fact that an upper-semicontinuous function attains its maximum
on a non-empty compact set. This approach has been used for the
deterministic model by Majumdar (1975) and, for the stochastic model
with a slightly different set of assumptions, by Chichilnisky (1981). It
is possible to use such an approach for our model, too; however, there
are a number of side-benefits from the method we use. In the course
of our proof, we obtain the existence of optimal policy functions and
we show that they are monotone. Further, our proof is constructive; we
first show that finite-horizon optimal processes exist, then identify the
limit of these processes as the optimal process for the infinite-horizon
model.

The organization of this paper may be summarized as follows.
In Section 2, we formally present the model and define feasible and
optimal processes. In Section 3, we discuss the finite-horizon model.
We prove that finite-horizon optimal processes exist, and that they
may be obtained using optimal policy functions, which are functions
of the beginning of period stock level and the partial history of the
random shocks. We then indicate that these optimal policy functions
are monotone in the beginning of period stock. In Proposition 3.1, we
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provide a set of assumptions under which the optimal policy functions
are semi-Markovian. In Section 4, we discuss the infinite-horizon
model. We show that the limit of the finite-horizon optimal processes
is optimal for the infinite-horizon model, and that the optimal process
may be obtained using optimal policy functions which are monotone.
In Theorem 4.4, we provide a condition under which the optimal policy
function is stationary. Proofs of all results can be found in Section 5.
Section 6 contains a technical appendix.

1. The Model

a) The Environment

The environment is represented by the probability space (Q, F, P)
with the following interpretations:

i Q= X2, 0, where Q, is the set of possible states of the environ-
ment at date ¢; r; € (}; denotes the state at date £. We assume that
{0, is a compact metric space and we let ¢; be its Borel field.

(ii) F is the sigma field on () induced by cylinder sets; that is, sets of
the form X2, A, where A; € ¢, for all t and A; = €, for all but
finitely many t.

(iii) P is the probability on ({2, F') of the set of sequences of states of
the environment.

We denote the partial history of the environment at date ¢ (t =
0,1,...) by hy = (ro,71,...,7) € X} ;. We denote by F; the
sub-sigma field of F' induced by the partial history at date ¢; in
particular, F; is induced by cylinder sets of the form X2, A;, where
A; =Q,; forall 1 >¢.

b) The Technology, Feasible Processes, and Policy Functions

The technology is represented by the sequence of production func-
tions {f:}:2, where for each t, f; : Ry X Q47 — Ry if the
investment at date ¢ is z; and the state of the environment at date ¢ + 1
is 7441, then the date ¢ + 1 output is y;41 = fi(@s, re41). We impose
the following assumptions on the technology: for each t = 0,1, ...

(T.1)  f; is continuous on R, x Q;44.
(T.2)  fi(x,7r¢41) is nondecreasing in x for each fixed ryy1 € Qiq4.

Remark: For t > 1, r; is important for two reasons. First, it determines
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the date £ output from date ¢ —1 input via the production function f;_1;
second, r; may help predict the values of {7441, 7¢+2,...}. The value
of ro, however, is important only in predicting values of {ry,ro,...}.
If the {r;}:2, process were independent, then ro would be irrelevant.

The pure accumulation process from initial stock y > 0 at date T,
denoted by {k;}$2 ., is defined inductively by

kT =y and kt+1 = ft(kh’rt—{-l) for t = T, T+ 1, e (21)

Fort = 0,1,..., define f; : Ry — Ry by fi(z) = max{fi(z,7s41) :
Ti+1 € Quq1 ). Since f; is continuous in its arguments and ;. is
assumed compact, f; is well-defined. The pure accumulation sequence
from initial stock y > O at date 7, denoted by {k.;}$2,, is defined
inductively by

kr=y and ki1 = fi(ky) fort=71,7+1,.... (2.2)

In specifying the finite-horizon model we require the tuple e =
(y, ho, b, T) where y > 0 is the initial stock, hy € €y is the initial
history, b is the (possibly random) terminal stock and " = 0, 1, . . . is the
time horizon. We denote by My the set of non-negative Fr-measurable
random variables; My is the set of possible terminal stocks for the
T-horizon model.

Fix a time horizon T = 0,1,..., a date t = 0,1,...,7 and a
terminal stock b € Mp. We say that the terminal stock, b, can be
reached from the initial stock-history pair (y, h:) € Ry x X!_Q; at
date ¢ if, when we denote by {k;}32, the pure accumulation process
from initial stock y at date ¢ [defined in (2.1)], P(kr > b | hy) = 1.
The tuple e = (y, hy, b, T) is a date t admissible tuple if the terminal
stock, b, can be reached from the initial stock-history pair (y, h;) at
date ¢. A date 0 admissible tuple will be called simply an admissible
tuple. Given any date ¢ admissible tuple e = (y, hy, b, T") we define

I7 (s he,b) =
{x € [0,y] | b can be reached from (z, h;) at date ¢} . (2.3)
Note that if (y, hs,b,T) is a date ¢ admissible tuple then I'I (y, hs, b)
contains y and is therefore not empty.
Let ¢ = (y,h;,b,T) be a date 7 admissible tuple (where T' =

0,1,...and 7 = 0,1,...,T). The process {z;, c;, y; }1_, is e-feasible,
if foreacht=7+1,...,T,

x; and ¢; are Fi-measurable random variables ; 24)
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ce+xs =y = fior(xi—1,me); Plee >0, 2, 20| h)=1; (2.5)

Yr =1 CTER—i—, -TTEIR+ andCT—}—xT:yT;
and
Pxr>blh)=1. (2.6)

The process {z:,ct, Y1 }i2, 1S feasible for the infinite-horizon model
from the initial stock-history pair (y, h,) at date 7 if (2.4) and (2.5)
hold for each ¢ > 7. We shall refer to the processes {z:}, {c;}, and
{y+} as the investment (or input), consumption, and output (or stock)
processes, respectively.

If {z1,c1,u )i, (T < o0) is any feasible process (for either the
finite- or the infinite-horizon model) from the initial stock-history pair
(y,h:) at date 7, then foreach t = 7, 7+ 1, ..., P(z: < &kt < ky,
¢t <ky <kyandy <k, <k | hy) =1 where the processes {k;}52_
and {k;}22 . are defined from initial stock ¢ using (2.1) and (2.2) above,
respectively.

FixaT =0,1,...,00,anda7 =0,1,...,T (with 7 < c0). The set
of functions {I;}X_ where for each ¢, I, : IRy x X!_,Q; — R, and
ILi(y, -) < y generates a unique process {4, ¢, yt}fZT from the initial
stock-history pair (y., h,) at date 7 as follows: set x, = IL.(y,, h,),
¢r = yr—x, and given any (x4, ¢s, y¢) for t > 7 sety; 11 = filwy, re41),
Trpr = Heqp1(Weq1, hev1) and ey = Y1 — 2441

Recall that if 7" is any finite horizon, Mr is the set of possible
terminal stocks for the T-horizon model. For any date ¢ < 1" we define

DT = {(y,hs,b) € Ry x X!y x M |
(y, hy,b,T) is a date ¢ admissible tuple} .  (2.7)

Let {d]}]_, be a set of functions such that d : DI — IR,. We
may consider df a function on R} x X!_,Q; x Mr by setting df
equal to some arbitrary constant outside of Df. The set of functions
{dT}YI_, is a set of policy functions for the T-horizon model if for
any admissible tuple e = (y, ko, b,T) the set of functions {df (-,b)}I_,
generates an e-feasible process from (y, hg) at date 0.

c¢) Preferences, Optimal Processes and Optimal Policy Functions

Preferences are represented by the sequence of utility functions
{us}72, where for each t, u; : Ry — IRy and u(c) is the utility
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obtained from the consumption of ¢ > 0 at date {. We assume that for
eacht=0,1,...

(U.1)  uq is continuous on IR4;
(U.2)  wu, is monotone nondecreasing on IR;
(U3) uyisconcave on IR,.

Let e = (y,h,,b,T) be a date 7 admissible tuple. An e-feasible
process {z},cf,y;}l_, is e-optimal if for every e-feasible process
{xt, (& yt};fr:q-’

T T
ED) uie}) | he] = B[ urles) | he - (28

t=r7 t=1

A process {z}, cf, yr }52., is optimal for the infinite-horizon model from
the initial stock-history pair (y, h,) at date 7 if it is feasible and if for
any other process {z, ct,y: }32, feasible from (y, h,) at date 7,

N
lim sup E[) (ualer) = ur(c})) | he] <O . (2.9)

t=7

Recall that policy functions, and how they generate feasible processes,
were discussed in Section 2.b). Fix a time horizon, T' < oo. The set
of policy functions {d} }I_, is a set of optimal policy functions if for
each date 7 admissible tuple ¢ = (y,h,,b,T) (r < T), the functions
{dT(-,b)}I_, generate an e-optimal process from (y, ) at date 7. For
the infinite-horizon model a set of optimal policy functions, {d;°}:2,,
is analogously defined.

3. The Finite-Horizon Model

In this section we show that finite-horizon optimal processes and
policy functions exist and that they may be chosen so as to have certain
monotonicity properties.

Lemma 3.1: Fix a finite time horizon T. Then there exist functions
{W{" H=o and {g{ }{_o, where W : Df — R, and g{ : Df — R,
for ¢ =0,...,T, such that
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) Wiy, hr,b) = max,erzy b vy — ).

(11) WtT(y7 hta b) -
manertﬂy,ht,b) {Ut(y - T) + E[Wtﬁ.l(ft(fl?, Tt4+1), hey1,b) | ht]},
fort=0,...,7—1.

(iii) g;":(y, hr,b) solves the maximization problem in (i) and is the
infimum of the set of solutions to this problem.

(iv) Fort =0,...,T~1, g¥(y, hs, b) solves the maximization problem
in (ii) and is the infimum of the set of solutions to this problem.

Theorem 3.1 (Existence):

Fix a finite time horizon T. Then the functions {g7 }I_, obtained in
Lemma 3.1 constitute a set of optimal policy functions. Thus, given any
admissible tuple e = (y, ho, b, T), the process {z;,cs, ys 1., generated
by the functions {gf }I_, is e-optimal.

Theorem 3.2 (Monotonicity of Optimal Policy Functions):

Fix a finite time horizon, 7', and a date ¢t < T Let e = (y, hs, b, T) and
e’ =, hy, b, T) be two date ¢t admissible tuples such that y > 4 and
P(b > b | hy) = 1. Then gf (y, hs,b) > gF (v, b, V'), where {g] }1,
is the set of functions obtained in Lemma 3.1.

Before stating the next results, we introduce a definition.

Let e = (y, ho, b, T) be an admissible tuple. If {z;, c;, 41} is an
e-optimal process, and for every e-optimal process {z},c}, yi}i_,, we
have P(z; < z} | ho) = 1 for t = 0,1,..., T, then {z4,c, ¥ }1g iS
called the SCI-e-optimal process. (Here SCI denotes “smallest capital
input™.) If {w:, cs, yt}i-, is the SCl-e-optimal process, and {g! }7_,
is a set of optimal policy functions which generates {x;, c;,y;} 7, for
every admissible tuple e, then {g] }7_, is the set of SCI-optimal policy
Sfunctions.

Corollary 3.1 (SCI Optimal Process and Policies):

Let e = (y, ho,b,T) be an admissible tuple and let {z;, c;,y: } 1, be
the e-optimal process generated by the functions {g7}7_, obtained
in Lemma 3.1. Then {z, c;, y:}7- is the SCI-e-optimal process, and
{g¥ YL, is the set of SCI-optimal policy functions.

An immediate consequence of Theorem 3.2 is the monotonicity of
SCI-optimal processes with respect to the initial and terminal stocks.
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Corollary 3.2 (Monotonicity of SCI Optimal Processes):

Let e = (y,ho,b,T) and &' = (¥, ho, b, T) be two admissible tuples
with y > 3y and P(b > b | hg) = 1. Let {xy,c;, v}, and
{z}, ¢}, v, }1_, be the SCl-e- and SCI-¢’-optimal processes, respective-

ly. Then for each t = 0,1,...,T, P(z; > ' | hg) = 1.

‘We now obtain a monotonicity result for SCl-optimal processes as
we vary the time-horizon.

Corollary 3.3 (Monotonicity of SCl-optimal processes in T'):

Fix a y > 0 and a finite time horizon T and let ¢ = (y, hg,0,7") and
¢ = (y,ho,0,T + 1). Denote by {z1,ct, 5} 1o and {2}, c},y}}1%)
the SCI-e- and SCI-¢’-optimal processes, respectively. Then for each
t=0,...,T, P(xy <z | hg) = 1.

At any date t, the history A, plays two roles in the finite-horizon
model: first, it helps predict {r; 1,42, ...}, and second it may, in part,
determine what the terminal stock will be at the last period, date 7.
The following condition denies h; such roles.

Condition I: The process {r;}1_, is independent (but not necessarily
identically distributed) and the terminal stock b is a constant (that is, a
degenerate random).

In Proposition 3.1 below, we show that under Condition I, SCI-op-
timal policy functions are independent of history h;. Note, however,
that SCI-optimal policy functions may still be dependent on the date ¢.
A set of policy functions {d? }_, shall be called Semi-Markov if for
each ¢, df(y, hs,b) is independent of the history h;.

Proposition 3.1 (Semi Markov Optimal Policy Functions):
Under condition I, the set of SCl-optimal policy functions is Semi-Mar-
kov.

4. The Infinite-Horizon Model

In this section we show that the limit of SCI-(y, hg, 0,7 optimal
processes, as the horizon T tends to infinity, is an optimal process for
the infinite-horizon model under a joint restriction on the technology
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and preferences (see condition E below). The optimal process may be
generated by a set of optimal policy functions which have a monotonic-
ity property (see Theorem 4.2 below). Under stationarity assumptions
on the {r;}22, process and the production and utility functions (see
condition S below), we show in Theorem 4.4 that these optimal policy
functions are stationary (that is, independent of the history and the
date).

Fix an initial stock-history pair (y, hg) and for each 7' = 0,1,...,
let €T = (y, ho,0,T) and let {zF,c], vy }_, be the SCI-e”-optimal
process. The limit process from (y, ho), denoted by {7, &, i }1rg, iS
defined by setting §o = ¥y, %; = limr_ o 27 for all ¢, and defining
{&,1}20 from {Z:}52, in the obvious manner [that is, using (2.5)
above]. Let {k;}2, be the pure accumulation sequence from initial
stock y at date O [defined via (2.2)]. Then from Corollary 3.3, for
each T and t, z7 < ! 7! < k; s0 &; = limg_ o 2] is well-defined.

Recall that we obtained SCI-optimal policy functions, {g{ }7_,,
in Corollary 3.1. Define the functions {g{°}$2, where for each ¢,
9%+ Ry x X[, — Ry by g7y, ) = limr_oo g7 (y, he, 0);
it is clear that the set of functions {gf°}2,, generate the limit process,
and they will be called the limir SCI policy functions.

Condition E: Given any initial stock-history pair (y, ko), there exists a
process {x}, ¢}, y; 152, feasible from (y, ho) such that if {k;}2°, is the
pure accumulation process [defined in (2.1)] from the initial stock y at
date 0, then

N
Jim B[y (ua(ke) = ui(cy)) | ho] < oo .
t=0

Theorem 4.1 (Existence):

Fix an initial stock-history pair (y, k). Under condition E the limit pro-
cess from (y, ho) is optimal from (y, hp) for the infinite-horizon model
and may be generated by the limit SCI policy functions, {g°}52,.

Remarks:

(i) Condition E holds when the utility function is of the form
ug(-) = 8tu(-) with 0 < § < 1 and either u(-) is bounded above, or
there exists a maximum sustainable stock (that is, there exists X > 0
such that for all ¢, fiy(z,ri41) < x for all x > K and rypq € Qpyq).
The latter is used in Brock and Mirman (1972).
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(ii) In the existence theorem of Bhattacharya and Majumdar (1981)
the assumption E:::o ui(E k) < oo is used, which ensures Condition E
above, since the concavity of the utility function implies Fus(k;) <
us(Ek,) for all ¢, by Jensen’s inequality. However, there are models
where E .2 ui(k;) = oo (and hence Y ;o ui(Ek;) = oo) and yet
Condition E holds. For example, let fi(x, 1) = pz for some p > 1,
ui(c) = ¢/(1 +¢) and y = 1. Then k; = pf, and p'/(1 + p*) — 1
as t — 00 80 Y oqur(ky) = Yoo pt/(L+ pt) = oo. However,
we may consider a process {zi,c:,y:}2, inductively by defining
a=@1/2)[1+ 1/}, yo =1, and for t > 0, ys11 = pay;, T, = ays,
¢t = (1—a)y;. Since 0 < a < 1, it is clear that {zy, ct, Y1 }52, is feasible
from y = 1. Note that for each ¢, y; = (pa)? so ¢; = (1 — a)(pa)’ and
therefore

Ct 1 _ 1 1
Dl = e < 3 [1 -1 +Ct] D Dt e B

“4.n

Since (pa) > 1 the summation on the right-hand side of (4.1) is finite
so condition E holds.

(iii) Without Condition E there may not exist an optimal process.
As an example one may consider the “cake-eating” model of Gale
(1967). Let fu(z,7141) = ¢, ug(c) = c¢/(1+c)and y = 1. Then k; = 1
for all ¢, and

> k) — upler)] = i[(l/m —{a/(L+ e}l

t=0 t=0

so if Condition E holds, [(1/2) — {¢;/(1 + ¢;)}] — 0 and ¢; — 1 as
t — oo; hence, using ¢, <y, = 241 < 1, weobtainz; — 1last — oc.
But then ¢, = y — 23 = ;-1 — z; — 0 as t — oo, a contradiction
to g — 1 as t — oo so condition E does not hold. Also there is
no optimal process, for if {z}, ¢}, yf }{2, is optimal, then for some 7,
¢ > 0 and one may construct an alternative process {z, ¢s, Y1 }52 as
follows: (z¢,ys,¢1) = (z},¢ci,yp) fort < Tand t > 74+ 1; y, = ys,
Cr = Cry1 = (c; + cq*‘+1)/29 Tr =Yr41 =Yr —Cr5 Tr41 = x:—+1- One
may check that {x:,c;,y:}52, is feasible. Using the strict concavity
of the utility function, one may check that the process {z:, ¢, y: }2,
dominates {x},c},y; }52, [that is, (2.9) fails] which contradicts the
optimality of {x},c},y; }i20-

We now state a monotonicity result for the infinite-horizon optimal
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processes and policy functions obtained in Theorem 4.1. This is an
immediate consequence of Theorem 3.2 and Corollary 3.2.

Theorem 4.2 (Monotonicity of Limit SCI Policy Functions and Pro-
cesses):

Fix a y and ¢’ with y > 3’ > 0. Then for each date t = 0,1,..., and
partial history hs, gf°(y, hi) > g7°(y', ht). Further, if {z:,c:,y:}52
and {z}, ¢}, y; }s2,, are the limit SCI processes from initial stock-history
(y, ho) and (¥, ho), respectively, then P(z; > x} | ho) = 1 for each t.

Remark:

A similar monotonicity result has been obtained by Dechert and Nishi-
mura (1983) for the deterministic and stationary model (that is, where
condition S below holds), and by Majumdar, Mitra, and Nyarko (1989)
for the stochastic and stationary model.

Recall that we showed in Proposition 3.1 that if the {r;}$2, process
is independent (but not necessarily identically distributed), and the
terminal stock is a constant, then the SCI-optimal policy functions,
{gF}1_,, are Semi-Markov (that is, independent of the history, k).
From the definition of gf°, we therefore obtain the following resuit.

Theorem 4.3 (Semi-Markov Policy Functions):

Suppose that the process {r;}$2, is independent (but not necessarily
identically distributed). Then the limit SCI policy functions {g°}22,
are Semi-Markov; that is, the functions g{°(y, h:) are independent of
the history, h;.

Condition S: The process {r;}:2, is independent and identically dis-
tributed; the utility functions are of the form wu;(c) = 8tu(c), where
0<é<1;and f; = f for all 1.

We now show that under condition S, the limit SCI policy functions,
{g5°}52,, are independent of both the history, h:, and the date, t.
Following the terminology of Blackwell (1965) and Maitra (1968), we
call such policy functions stationary (or Markov).

Theorem 4.4 (Stationary Optimal Policies):
Under condition S, the limit SCI policy functions, {g°}52,, are
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stationary. That is, the functions g;°(y, h;) are independent of both
the partial history, h:, and the date ¢, and we may write for each ¢,
9:°(y, i) = g (y) for some g : R4 — R,

5. Proofs

We provide, in this section, the proofs of the results stated in
Sections 3 and 4.

Proof of Lemma 3.1:

Fix a T = 0,1,... and recall that for ¢t = 0,1,...,7, I'l and
DtT are defined in (2.3) and (2.7) above, respectively. We define the
functions {W;I}L, where W : DI — IR by backward induction
as follows:

Wi (y,hr,b) = max  up(y — ) (5.1)
z€T Ly, hr,b

and given Wtﬂl forany t =0,1,..., 7T —1,

Wi, heyb) =

max  {u(y — ) + EW (fo@,rs1) hess, B) | Re]} . (5.2)
z€TT (y,hy,b)

Note that if = € I'{ (y, hy,b) then P[(fi(z,rs41), hey1,b) € DL, |
hi] = 1 so the maximization in (5.2) is well defined.

In the Claim below we show that solutions to (5.1) and (5.2) exist.
Denote by g7 (y, hs,b) the infimum of the set of solutions to (5.2)
[or (5.1) if ¢ = TJ; the Claim shows that g] is a solution that
satisfies certain measurability properties. Recall that F} is the sigma
field generated by the partial history h,; we shall sometimes write
Fi-measurable random variables as y(h:) to emphasize this fact (see
Chung, 1974, Lemma 9.1.2, p. 279, for more on this).

Claim: Fix a finite-horizon, T, and a ¢t = 0,...,T. Then

(a) there exists a function g/ : D] — IR, such that for all (y, h,b) €
DY, gl (y, ht, b) is the infimum of the set of solutions, and is itself
a solution, to the maximization problem defining WtT(y7 hy, b).

(b) WX(y, hs,b) is continuous in y for fixed (hs,b) € XL Qi x Mr.
t =0
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(c) Fix a terminal stock b € Myp. If y(hy) is any uniformly bounded
F,-measurable random variable such that (y(h.), hy,b) € DE for
all by € X!_Q; then gf (y(hy), by, b) and W[ (y(hy), by, b) are
F:-measurable random variables.

Proof of the Claim: 1t is useful to consider the terminal stock, b, as fixed
throughout this proof. The proof amounts to checking, by backward
induction, that conditions of the Measurable Selection Theorem of
Furukawa hold (see Lemma A.1 of the appendix); this will prove parts
of (a) and (c) of the claim. We then prove (b) by invoking the Maximum
Theorem (see Berge, 1963, p. 116).

Forany Y > 0Oand t =0,1,...,7T, let DY = {(y,hy,b) € DT |
y < Y} It is clear that if for any fixed ¢, the claim holds when we
restrict the domain of W to D;‘F Y with Y arbitrary, then the claim
holds when the domain of W[ is DY

We seek to use Lemma A.1 in the appendix. First, consider the case
where ¢ = T. To apply Lemma A.1, fix a Y > 0 and set S = XL O,
and A =[0,Y]. Let y(h) be as in part (c) of the Claim [which clearly
includes the case where y(h;) is some constant y] with y(hr) <Y for
all hr. Then for s = hy € S set A(s) = D'L(y(hr), hr,b), and for
(s,a) = (hr,x) € § X A set H(s,a) = ur(y(ht) — x).

Given these definitions we now verify that conditions (i)~ (iv) of
Lemma A.1 hold: (i) follows from Lemmas A.2 and A.3 (b) of the
appendix; (ii) follows from the F7r-measurability of y(hr) and the
continuity (hence, measurability) of uy; (iii) follows from continuity
of ur; and (iv) follows from the fact that y(hr) and x are restricted to
lie in [0, Y] and the fact that ur is continuous.

Hence, we may apply Lemma A.1 to show that for ¢t = T,
(a) and (c) of the Claim hold. To show that (b) holds observe that
the objective function ur(y — z) is continuous in (y,z); also from
Lemma A.3 (a) of the appendix, the constraint set I'Z.(y, hr,b) is a
continuous correspondence in y. Part (b) of the claim then follows
from the Maximum Theorem (see Berge, 1963, p. 116). Hence, the
claim holds for ¢ = T when the domain of definition of W is D1 ;
since Y > 0 is arbitrary, the claim holds for ¢t = 7.

Nextlet T =0,1,...,7T—1 and assume that the claim holds for { =
T+ 1. We proceed to show that the claim holds for ¢ = 7. The proof is
very similar to that above for t = 7, where now in applying Lemma A.1
we set, for fixed Y >0, A =[0,Y], S = X_,Q; and given y(h,) as
in part (¢) of the claim with y(h;) < Y forall A,, and s = h,; € S,
set A(s) = Ff(y(hf),hT,b); and for (s,a) = (hr,x) € § x A set
H(s,a) = wr(y(hr) — @) + EWZL,, (fr(@,7741), hrs1,5) | hr. One
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now uses the induction hypothesis (that is, the fact that the claim holds
for t = 7 + 1) to mimic the steps used in proving the claim for ¢t = T'
above to show that Lemma A.1 holds and that the claim holds for ¢t = 7.

QE.D.

Proof of Theorem 3.1:

The theorem is established by verifying two claims.

Claim 1: The functions {gf}7_, obtained in Lemma 3.1 constitute a
set of policy functions.

Proof of Claim 1: Let e = (y, ho,b,T) be an admissible tuple and let
{4, ct, y1 }1_o be the process generated by the functions {gf (-, b)}1_
from (y, ho) at date 0. We need to show that {xz,, ¢, yt};f:(, is e-feasible;
that is, (2.4)—(2.6) hold.

Now (g, co,ys) may be considered constants (given a hg); if for
t=0,1,..., (z,c, y) are Fi-measurable then ;1 = fi(xy, re41) 18
F i-measurable (from the continuity of f;} so from part (c) of the
claim established in the proof of Lemma 3.1, z; 1 = g7 (U141, ht11,0)
(and hence c¢;41 = Yiy1 — Zi4+1) 1S Fiii-measurable. Therefore,
(2.4) holds for all £. Next, to show (2.5) we need show only that
for all t, P(c; = y+ — x: > 0 | hg) = 1, the rest following by
construction; but this follows from the definition of I‘;‘F and the fact
that P(z; € T'F(ys, hs,b) | ho) = 1. Finally, (2.6) follows from
P(zr € TE(yr, hr,b) | ho) = 1. This establishes Claim 1.

We now show, in Claim 2 below, that the functions {g] }7_,
are a set of optimal policy functions. Further, the claim justifies the
interpretation of W,I(y, ks, b) obtained in Lemma 3.1 as the value of
continuing the T-horizon model with terminal stock b from the initial
stock-history pair (y, h¢) at date t.

Claim 2: Let e = (y,h:,b,T) be a date 7 admissible tuple and
let {x4, ¢,y }1_, be the process generated by the policy functions
{gF'}1_, from the initial stock-history pair (y,h,) at date 7. If
{x},c,, yi}£__ is any other e-feasible process then

T T
ED> ueo) [ he] = WE @Y, hr,b) > E[) un(c)) | he] . (5.3)

t=71 t=7

In particular, {gf}L_, is a set of optimal policy functions.
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Proof of Claim 2: Let ¢ = (y,h:bT), {z,c,y:}l., and
{z},c},y.}1—, be as in the claim. Since for each t = 7,..., T, z} is
in the feasible set of the maximization exercise defining W (y}, hs, b)
[see (5.1) and (5.2)] we obtain after taking expectations conditional
on h,,

EWZ @y, ht,b) | hr] > Elur(cy) | b (5.4)

andfort=r1,...,T—1

EWT i, he,b) | he] 2
Bluy(ep) | he] + EWLLWpgrs hen, D) [ Be] . (55)

Adding (5.4) and (5.5) (over t = 7,...,T — 1) and rearranging,

T
Wy, he,0) 2 B> us(ch) | hs] - (5.6)

t=r1

Next, since for each ¢, z; is a solution to the maximization exercise
defining WX (y;, by, b) we obtain equations similar to (5.4) and (5.5)
with {z:, ¢i, y1 }-, replacing {z},c}, v/}, and equalities replacing
inequalities. We can therefore show that

T
W (yr, hr,b) = E[>_uilee) | he) - (5.7)
t=7

But since ¥, = y, = v, (5.3) follows from (5.6) and (5.7).
Q.E.D.

Proof of Theorem 3.2:

LetT, e = (y,ht,b,T)and & = (y', hy, b’, T) be as in Theorem 3.2.
We shall prove the theorem by backward induction on the date, ¢. Since
95y, hr,b) = b > b = gL(y/, hr, V') (recall gT is the smallest optimal
investment at date 7') the theorem holds for ¢ = T'. Suppose now that
for some 7 = 0,...,T —1, the theorem holds forall t = 7 +1,...,T;
we proceed to show that the theorem then holds for ¢t = 7.

To this end, suppose, per absurdum, that = = gZ(y,h.,b) <
9¥ @', hr b)) = 2. We will show that = € TZ(y,h,, ) and that
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x is a solution to the maximization exercise defining W2 (y/, h,,b');
that is,

Wg—‘(yla hT; b’) = u‘r(yl - 'T) + E[W‘r+1(f7‘($a ’r‘l‘+1)7 hT+17 b,) l h‘r] .
(5.8)

However, z’ is by definition the smallest solution to the maximization
exercise defining W (y/, h,,b') while (5.8) implies that z is also a
solution; this contradicts z < z’ and would complete the proof of the
theorem.

We proceed to prove (5.8). Let {2, ct, i Y1, [resp. {z}, ¢}, yi 11, ]
be the process generated by the policy functions {gf'(-,b)}7_, [resp.
{gF (-, ¥)}E 1 from the initial stock-history pair (y, h.) [resp. (', h,)]
at date 7. We use these processes to construct two more processes
{4, ¢, 01 i, and {2}, 8}, 9, }E . as follows. Let A, = {xt <z} and
let A¢ be the complement of At Define g, = yr; yT = yT, Zy = z}
on At and £; = x; on AS; &, = z; on A; and &, = z; on Af,
{é;,9:}E, and {&,,9.}]__ are defined from {#;}7_, and {#;}L —r
respectively, in the obvious way [that is, using (2.5)]. We continue via
a sequence of claims which we prove later.

Claim 1: For all t > 7, A{_,A; = ¢.

Claim 2: The process {Z:, &, i }i—, is (y, hr, b, T)-feasible.

Claim 3: The process {%}, ¢}, 9}, is (¢, hr, b, T)-feasible.
Remark: Since ! = =, = z, claim 3 implies that z € T2 (y/, h,, b').

Claim 4:

T
WIW heyb) = ur @) + B[ Y w@) | he]. (59
t=7+1

Claim 5: Equation (5.8) holds.

Proof of Claim 1: Let ¢t > 7. On A{_,, x4_1 > xz;_,; hence from
the monotonicity of ft—l in , Yt = ft—l(mt—lyrt) Z ft__l(x;_l,n)
= y;; but then from the induction hypothesis x; = 9% (yg, by, b) >
gl (WL, hy, b') = z} which occurs on A§. Hence, A{_; is a subset of Af,
from which the claim follows.
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Proof of Claim 2: We need to check that (2.4)-(2.6) hold for
{4, 8,91}, Clearly, (2.4) follows from the fact that A; € F; and
the Fi-measurability of x; and x}. By construction, é, = y, — z/. >
yr—xi =c > 0;and forr <t <T,on A;_1As, & = fro1(xi_y,70)
—zy = ¢, > 0; on Af_1Af, & = fi—1(Ti—1,14) — 2+ = ¢ > 0; on
A AL, & = fii@i_y, ) — 2y 2 fio1(@e—1, 1) — 2 = ¢ > 0;
and A ;A; = ¢ from Claim 1. Thus, for each t = r,...,T,
P(é, > 0| h;) = 1 and hence (2.5) holds. Finally, since zr = b >
b =z, P(Ar) =0s0 P(&r = zpr > b| hy) =1 and (2.6) holds.

Proof of Claim 3: This is very similar to the proof of Claim 2, so we
omit the details.

Proof of Claim 4: Suppose, per absurdum, that (5.9) does not hold.
Then from Claim 2 of Theorem 3.1 it must be the case that

T T
ED wlc) | hel = WEQ by, ) > E))_uné) | hr] . (5.10)

t=1 t=1

Again using Claim 2 of Theorem 3.1, we obtain

T T
ED uier) | he] = WE@, he,b) 2 B> _wi@) | he] . (5.11)
t=r1 t=T1

So adding (5.10) and (5.11) and rearranging terms,

T
B> (ur(er) +ue(c}) — uel@r) — w(@)Hhs] > 0 . (5.12)

t=7

We proceed to obtain a contradiction to (5.12). Define L. = é,. =
Yyr — 2o, M =, =y, —z/ and € = 2/, — z,. Since y, > y, and
x, > z. by assumption, we have L > M and € > 0. Then, since u., is
assumed concave,

ur(cr) + UT(C{,-) —ur(ér) — uT(é{r) =

[ur(L+€) —ur(L)] — [ur(M+€) —u (M) <0. (5.13)

Next, for 7 < ¢ < T, since A} ;A; = ¢ (and hence 2 = A;_;A; U
Af_ A7 U A;_1 A7), one can check that (using integrals to denote
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expectations conditional on A;),

/ (@) = / u(ch) + /
Ap_1A; A

and

/Ut(éi) =/ Ut(ct)+/
Ar_1A; A

Using (5.14) and (5.15), and noting that Q — A;_; A, — Af_ A7 =
A¢_1Af, one can verify that

ws(es) + / w(@)  (5.14)
A5 AvaAg

c
t—

ulcl) + / w(@) . (5.15)
A8 PRV

c
t—

/ {uer) + urlel) — weler) — ue(éh)}
- / {ug(er) + ur(ch) — up(Er) — un(@))
A1 AS

) /A @t 9 = u D) = (M + ) — D], (5.16)

where L = ¢ = fi_1(@}_q, ) — %, M = ¢, = fy_1(x4—1,74) — x4 and
e=x¢ —x;. On Ay_1 A, zj_1 > 241 and z; > z}, so L > M and
€ > 0. Since u, is concave the right-hand side of (5.16) is nonpositive,
hence

/{ut(ct) + ue(c}) — ue(@) ~ u(@)} <0 . (5.17)

From (5.13) and (5.17) [recalling that the integrals in (5.17) are condi-
tional on h.], we obtain a contradiction to (5.12). This completes the
proof of Claim 4.

Proof of Claim 5: From Claim 4 above
T
WEQW  hr ) = ur (@) + EIE[ Y we@) | hra] | Be]
t=1+1
and using Claim 2 of Theorem 3.1,
W b, V) < wr(@) + EIWE @ s1s hep1, ) | Be] - (5.18)
Combining (5.18) with (5.2) yields (5.8). | QE.D.
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Proof of Corollary 3.1:

Suppose the corollary is false and let m = min{t = 0,...,T |
P(zy > z, | ho) > 0} and B = {z,,, > z/,}; then P(B | hg) > 0.
If m = 0 then y,, = y,, = y; otherwise m — 1 > 0 and
P@m-1 < zi,_1 | ho) = 150 P(ym < 9y,, | ho) = 1. In either
case if A = {y, < y.,} then P(A | hg) = 1. Using the monotonicity
result of Theorem 3.2 we may conclude that on AB, x|, < z,, =
95 Wms B, b) < gL (Y, hin, b). Since gL (y!., hom, b) is the smallest
solution to the maximization exercise defining WX (3., Ay, b) in (5.1)
and (5.2), z/,, is therefore not a solution; we may therefore mimic the
proof of Claim 2 of Theorem 3.1 and show that (5.5) with 7 = 0 and
t =m [or (5.4) if m = T7 holds with strict inequality on AB. Hence,
upon integration we may show that (5.6) holds with strict inequality,
and therefore combining with (5.7) we obtain a contradiction to the
optimality of {x}, c}, ¥} }Ho- QED.

Proof of Corollary 3.3:

Define ¢’ = (y,ho, 2/, T) where z/. is the date T investment
of the SCI-¢’-optimal process. From the Principle of Optimality (see
Lemma A.4 in the appendix), {z}, ¢}, ¥} }1_, is €”-optimal. It is easy to
see that {x}, ¢}, y;}7—, is the SCI-¢”-optimal process. Since P(zf >
0| ho) = 1 we may apply Corollary 3.2 to the SCI-e- and -e”-optimal

T 1o, T : ;
processes {z:,ct, Yt }r—o and {z},c},yi}_,, respectively, to obtain
P(z; < x} | hg) =1 for each ¢. Q.ED.

Proof of Proposition 3.1:

The function g (y, hs, b) is the solution to the maximization exer-
cise in (5.1) and (5.2). If {r;}£, is independent then the objective
function on the right-hand side of (5.2) involves an unconditional
expectation and is therefore independent of the partial history, hy; if,
in addition, the terminal stock, b, is a constant then the constraint set
I'7 (y, hy, b) is independent of the partial history h;. Hence, g/ (y, hs, b)
is independent of h,. Q.E.D.

Proof of Theorem 4.1:

Fix an initial stock-history pair (y, ko) € R4 X Qg; we shall use
E to denote expectations conditional on hg. First, we show that the
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limit process is feasible. For fixed t, 7 is F}-measurable, so (2.4)
holds. Next, since f;_; is continuous, & = fi 1(@s_1,7¢) — & =
limy oo fi—1(x} 1, 7) — ¥ = limpr_o ¢ > 0; it is therefore clear
that all the conditions in (2.5) hold. Hence, the limit process is feasible.

Let {k:}2, be the pure accumulation process from initial stock y
[defined in (2.1)] at date 0, and define

N

a=inf lim Eo Y [ug(ke) = us(es)] (5.19)
Ra—1

where the infimum is taken over all processes {x, ct, y: }52, that are
feasible from (y, ho). Note that the limit in (5.19) is either infinite or
convergent since for all ¢, Plus(k:) — ui(er) > 0 | ho] = 1. From
Condition (A.1), « is finite. We now show

Claim 1: The limit process attains the infimum in (5.19).

Proof of Claim 1. Suppose, per absurdum, that the limit process does
not attain the infimum in (5.19); then for some ¢ > 0,

N

Jim_Eo > luslke) ~ w@)] > a+e (5.20)
t=0
so for some N' > 0,
N’ €
Eo ;[utam —u(@)] 2t 5 . (5.21)

Recall that for each T = 0,1,..., {z],cF,yT} L, is the SCI-
(y, hg, 0, T)-optimal process. Since limp_, cf = ¢;, we may use the
Dominated Convergence Theorem (since cf < k; for each T') to show,
using (5.21), that for some 7" > N’,

N’
E, Z[ut(kt) —u(c))] > a+ i foral T>T (> N'). (522
t=0
As Eg[ui(ks) — ug(cf)] > 0 for each t and T', (5.22) implies

T
Eo > lueke) — uy(eD)] > o+ 2 for all T > T" . (5.23)

t=0



On the Existence of Optimal Processes 265

Next, from the definition of « as an infimum we may choose a
sequence of processes {z7,&! 77 12, T = 1,2,..., each feasible
from (y, hg) for the infinite-horizon model, such that for each T',

N
lim Eo ;[ut(kt) —u(@) <a+ % . (5.24)

But for all ¢ and T, Eo[us(k;) — us(el)] > 0, hence from (5.24),

T

E, ;[ut(kt) —u@) <o+ % for all T . (5.25)

It is clear that {z],e g7}, is (y,ho,0, T)-feasible; thus, since
{I;T, ij yt’T}{:O iS (y7 h‘07 07 T)-optlmala

T
Eq ;[ut(kt) —ueN] < a+ % for all T . (5.26)

Finally (5.23) and (5.26) imply that for T > 7", a+(¢/4) < a+(e/T);
so taking limits as 7' — oo and using € > 0 leads to a contradiction
which proves Claim 1.

To complete the proof of Theorem 4.1 we need to show that the
limit process is optimal; suppose, per absurdum, that this is not the
case and, in particular, there is a process {&;, é;, 9 }i2, feasible from
the initial stock-history pair (y, hg) such that for some N” < oo and
some J > 0, we have for all N > N”

N
Eo Y [ur(ér) — w(@)] > J (5.27)
t=0
SO
N N
0<J<EoY [uk) = ue@] — Eo Y [ur(ke) — ug(é)] . (5.28)
t=0 t=0

Taking limits as NV — oo in (5.28) and using Claim 1,

N
0<J<a— lm E > k) — us(@)] - (5.29)

t=0



266 T. Mitra and Y. Nyarko:

But from the definition of « the limit in (5.29) is no less than «; so
(5.29) implies 0 < J < 0, a contradiction. Thus the limit process is
optimal. QED.

Proof of Theorem 4.4;

We shall consider all finite-horizon models below as having terminal
stock, b = 0; so from Proposition 3.1, we may write g7 (y, hy,b) =
gX (y); we may also, for a similar reason, write W/ (y, by, b) = W1 (y)
where W (y) is defined in (5.1) and (5.2).

Fix a finite-horizon, 7. We will first show by backward induction
on the date, ¢, that for 0 < ¢ < T,

W) = Wit'w) . (5.30)

First, 5W$(y) =6 6Tu(y) = ngf(y), so (5.30) holds for t = T.
Next, suppose that (5.30) holds for some ¢ = 7 with 0 < 7 < T then,
using (5.2) and the induction hypothesis,

SWI (y) = 6] max {6"  u(y — z) + EWTI(f(z,7)}] (5.31)

x€[0,y]
= m{%x]{éTu(y —2)+ EW A fz,m)}  (5.32)
ze|Oy
= W @) (5.33)

(where the expectation is over r, which has the common distribution of
the {r,} process, which is assumed i. i. d.). This shows that (5.30) holds
for t = 7 — 1. Hence, by induction, (5.30) holds for all t =0,...,7.
Since, from (5.30), the expressions to be maximized in (5.31) and
(5.32) differ by only a constant factor, §, their sets of solutions must be
identical; but notice that g7_,(y) [resp., g2 t1(y)] is the supremum of
the set of solutions to the maximization in (5.31) [resp. (5.32)], hence

gf 1(y) = g7t (y) for each 7 = 1,...,T; taking limits as T — oo
results in
9,y = lim gX_ (y) = lim g7 (y) = ¢>°(y) (5.34)
T—oo T 00

from which the theorem follows. Q.E.D.
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6. Appendix

We now state some results that were used in the proofs. Let A be
a compact subset of a metric space with metric y, and define 24 to be
the set of all non-empty closed subsets of A. Given any two sets C
and D in 24, we define the Hausdorff metric, h, on 24, by

h(C, D) = max{sup u(c, D), sup(d,C)},
ceC deD

where p(c, D) = infyep plc, d) and p(d, C) = inf.cc p(d, ©).

The Borel field on 24, denoted by B(24), is the smallest sigma
field on 24 containing all sets open with respect to k. Let S be a Borel
subset of a complete and separable metric space and let B(S) be its
Borel sigma field. A correspondence F' : S — 24 is measurable [and
we use the notation F' € B(S)/B(2A)], if for each set M € B(24),
F~Y(M) = {s : F(s)N M is non-empty} € B(S). We may now state
an important selection theorem.

Lemma A.l (Measurable Selection Theorem):

Let S be a Borel subset of a complete and separable metric space.

Suppose H : S x A — R! and

(i) A is a compact subset of IR'; A(:) is a correspondence such that
for all s € S, A(s) € 24 and A(-) € B(S)/B2%*);

(i) H(s,a) is Borel measurable in s, for each fixed a in A;

(iit) H(s, a) is continuous in a, for each fixed s in S;

(iv) H(s, a) is uniformly bounded in (s, a).

Then (a) M(s) = max{H(s,a) : a € A(s)} is Borel measurable;

(b) there exists a Borel measurable function, g : S — A, such that for

all sin S, g(s) € A(s) and H(s,g(s)) = max{H(s,a) : a € A(s)};

(c) the function g above may be chosen so that g(s) = min{a’ € A(s):

H(87 a,) = MaXge Acs) H(S, CL)}

Proof: See Furukawa (1972, Theorem 4.1, p. 1619). Note that the
selection used in that paper is the lexicographical maximum, which on
the real line reduces to the simple maximum of a set of real numbers. It
is clear that one could very easily replace the lexicographic maximum
with the lexicographic minimum in the Furukawa selection result, from
which (c) above follows. Q.E.D.

Recall that the correspondence F%F was defined in (2.3) with domain
of definition D}, the set of date ¢ admissible tuples; also recall that
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Mo is the set of possible terminal stocks for the 7T-horizon model [see
Section 2.b)].

Lemma A.2: Fix a finite time horizon T, at = 0,...,7T, and a terminal
stock b € Mp. There exists an F;-measurable random variable, b,(h;),
such that for (y, hy, b)) € DI, TT(y, hs, b) = {z | b(hy) < z < y}.

Proof: We shall prove the lemma by backward induction on the
date, t. Since b is Fp-measurable we may write b = b(hr); hence
I'Z(y, hr,b) = {z | b(hT) < = < y} so the lemma holds for ¢t = T".

Next suppose the lemma holds for some date ¢ = 7 4+ 1 where
0 < 7 < T; we proceed to show that it then holds for ¢t = 7. Define

bT(hT) = inf{z Z 0 | P[fr(za7'7+1) Z b'r+1(h7'+1) | h‘r] = 1} ’ (61)

where b, is obtained from the induction hypothesis. It is clear that
I'T(y,hr,b) = {z | b,(h;) < x < y}; it remains only to show that
b-(h;) is F,-measurable. However, for each a > 0,

by (a,00) = {hr € X[ | P[fr(a,7r41) > bria(hrin) | hil=1.
6.2)

Since the conditional probability in (6.2) is an F.-measurable random
variable, b 1([a, o0)) € F, s0 b.(h;) is F,-measurable.
Q.ED.

Lemma A3:Let T, t, and b be as in Lemma A.2. Then
(a) the correspondence I‘f(y, hy, b) is continuous in y for fixed h; €
t Q..
=0="2
(b) for each F;-measurable random variable y(h;), taking values in
some compact interval A of IR such that (y(h;), he, b) € Df for
all hy € X!_oi, TT (y(ho), he, b) € Fr/ B2A).

Proof: From Lemma A.2 it is easy to show that (a) holds. Next, note
that from Lemma A.2, if y(h;) is as in (b) above,

F,;fr(y(ht)v hta b) = szl(y(ht)v ht: b) N P£2(y(ht)a h'ta b) s (63)

Where Fz:l(y(ht)ahtab) = {.’17 | b(ht) S .T} and PZg(y(ht); hhb) =
{z | 0 < = < y(hy)}. To prove part (b) of the lemma it suffices to
show that I'Y; and I'f, are Fi-measurable since the intersection of

two measurable correspondences is a measurable correspondence (see
Rockafellar, 1969, Corollary 1.3, p. 9).
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Let C be any closed and bounded subset of IR, and let ¢ = supC
and ¢ = inf C. Then

CTHHC) = {h: TT,(y(hy), by, b) N C is non-empty}

= {hs :e>bi(hs)} , (6.4)
dsy 2)“1(6’) = {h:: Fg:z(y(ht),ht, b) N C is non-empty }
{h::c < y(hy)} . (6.5)

As b.(hy) and y(h;) are both F;-measurable, the inverses in (6.4)
and (6.5) both belong to F;. If C is not a closed set one or both of
the weak inequalities in (6.4) and (6.5) become strict inequalities; but
even in this case the inverses still belong to F;. Since y(h;) is assumed
uniformly bounded it suffices to consider C bounded. Hence, I‘t 1 and
rr 2, and therefore their intersection, I'7, are F;-measurable.

QE.D.

Lemma A4 (Principle of Optimality):
Let e = (y, ho, b, T + 1) be an admissible tuple and let {z;, c;, y¢ } 0
be an e-optimal process. Then {z;, c;, y: }7—o is (¥, ho, zT, T)-optimal.

Proof: Suppose, per absurdum, that the lemma is false. Then there
exists a (y, ho, z1, T)-feasible process, {%, &, 9}/, such that

T T
B> us@r) | hol > B[ ui(er) | ho} - (6.6)
t=0 t=0

Construct a process {3}, ¢;, y; }4 T+1 from (y, ho) as follows: set y, = v,

zy = & for 0 <t < T and $T+1 = b; then define the {c}, .}/
processes from {CL‘t}T+1 in the obvious manner [that is, using (2.5)].
Since =7, = &r > 7, Ypyy = yre1 > b = a2/, and therefore

one may check that {z},c,, v} is (y, ho, b, T + 1)-feasible. Since
e 11 = CT+1, We may use (6.6) to show that

T+1 T+1
E[> " uic) | hol > E[D_usler) | ho] (6.7)
t=0 t=0

which contradicts the optimality of {z:, cs,y:} iy . QE.D.
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